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Abstract
We consider vortex rings moving in a Bose–Einstein condensate. By numerically solving the
Gross–Pitaevskii equation, we show that, if the circular shape of the ring is perturbed by helical
Kelvin waves of given amplitude and azimuthal wavenumber, the translational self-induced velocity
of the vortex ring is reduced; at large amplitude the vortex ring halts.
PACS numbers: 67.25.dk, 03.75.Kk 47.37.+q
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Thin-cored vortex rings have fascinated physicists since the times of Helmoltz and Kelvin
[1, 2]. Vortex ring dynamics is still a very active area of research [3–6]. Unfortunately, real
fluids are viscous, and vortex rings with a thick core are unstable [7]: vorticity diffuses and
the core becomes distorted. To study the properties of the ideal, inviscid, thin-cored rings
envisaged by Helmoltz and Kelvin, one has to turn to superfluids.
In superfluid helium [8] the vortex core is very small (atomic dimension). Although
streams of vortex rings can be generated using ions [9], and individual rings can be visualized
by small tracers [10], helium vortex rings cannot be created individually in a controlled,
reproducible way. Bose–Einstein condensed atomic gases are potentially a more fruitful
context. In these new superfluids, vortices rings can be created by soliton decay [11] or
quantum piston technique[12] and then individually imaged. Moreover, at sufficiently low
temperature, their behaviour is well described by the Gross–Pitaevskii equation (GPE)
(which can be mapped to the classical Euler equation, making apparent the connection
between quantum and classical fluids [13]); no such good quantitative model is available in
superfluid helium.
The aim of this report is to show that a vortex ring moving in a condensate slows down
if its circular shape is modified by periodic distortions (Kelvin waves). At sufficiently large
amplitude, Kelvin waves can even bring the vortex ring to a halt. This slow-down effect has
been recently observed in water[14].
To model the ring we assume that its radius (a multiple of the core radius, essentially
the healing length ξ0) is much smaller than the condensate’s size (approximately equal to
the Thomas-Fermi radius RTF = (15Na~
2/(m2ω2))1/5, where a is the scattering length, N
the number of atoms, m the mass of one atom, and ω the (spherical) trap’s frequency).
We have ξ/RTF = δ
2/R2FT << 1 where δ =
√
~/(mω). This condition is satisfied if N is
large. For example[15], a 23Na condensate with N = 5 × 107 atoms and ω = 2pi × 83 Hz
corresponds to a realistic timescale (≈ 7 ms) for Fig. 1 and RTF/ξ = 242. In this limit we
assume that the condensate is homogeneous. If ~/(2E) is the unit of time, ξ0 = ~/
√
2mE
the unit of distance,
√
E/g the unit of ψ, E the single particle energy, and g = 4pia~2/m
the strength of the repulsive atomic interaction, the governing dimensionless GPE for the
complex wavefunction ψ is
2i
∂ψ
∂t
= −∇2ψ + (|ψ|2 − 1)ψ. (1)
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Figure 1. (Colour online) Time evolution of a vortex ring of radius R0 = 25 with helical Kelvin
waves of wavenumber m = 6 and small relative amplitude A/R0 = 0.149 during approximately one
period of oscillation. Calculated isosurfaces |ψ|2 = 0.4 (|ψ|2 = 1 corresponds to the bulk density
of the condensate) at times (a) t = 0, (b) t = 40, (c) t = 80, (d) t = 120, and (e) t = 160, shown
from three different perspectives (left, middle and right).
We solve Eq. 1 in an (x, y, z) computational box with reflective boundary conditions,
using 4th order centred differences and Runge–Kutta–Fehlberg adaptive time stepping. The
typical numerical resolution is 1283 (but we have performed checks with 2563). The initial
condition is a vortex ring of radius R0, with or without periodic disturbances of azimuthal
wavenumber m and amplitude A, either planar or helical. To initialise such ring in the
(x, y) plane travelling in the z direction we assume ψ(x, y, z) = Ψ(z, s + R0)Ψ
∗(z, s − R0),
where Ψ(z, s) = f(
√
z2 + s2) exp (iθ), f(r) = r(a1 + a2r
2)1/2/(1 + b1r
2 + b2r
4)1/2, ai and
bi (i = 1, 2) are constants and s =
√
x2 + y2. A perturbed ring is obtained by letting
ψ = Ψ(z − ξ1, s + R0 − ξ2)Ψ∗(z − ξ1, s − R0 − ξ2) with ξi = Ai cos (miθ) (i = 1, 2) and
Ψ(z, s) = f(
√
z2 + s2)(z+is), s =
√
x2 + y2−A1 sin (m1θ), where A1, m1 are the amplitude
and the wavenumber of purely planar perturbations, and A2, m2 refer to purely helical
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Figure 2. (Colour online) Relative translational velocity V/V0 vs relative Kelvin wave amplitude
A/R0 for vortex rings of radius R0 = 25 (corresponding to V0 = 0.0857) and helical Kelvin waves
of wavenumber (from top to bottom) m = 2 (), 4 (), 6 (∗), 8 (×), and 10 (+).
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Figure 3. (Colour online) As in Fig. 1 but for large relative amplitude A/R0 = 0.302 and wavenum-
ber m = 8; the times are (a) t = 0, (b) t = 100, (c) t = 150, (d) t = 200, and (e) t = 300.
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Figure 4. (Dimensionless) vortex length L vs (dimensionless) time t for vortex rings of radius
R0 = 25 and helical Kelvin waves with m = 8 and (from top to bottom) A/R0 = 0.302, 0.290,
0.273, 0.263, 0.242, 0.231, 0.198, 0.168, 0.139, and 0.110.
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Figure 5. As in Fig. 1 but large relative amplitude A/R0 = 0.303 and mode m = 10 the (dimen-
sionless) times are (a) t = 0, (b) t = 50, (c) t = 150 and (d) t = 200.
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Figure 6. As in Fig. 1 with only end view shown, for A/R0 = 0.276 and wavenumber m = 6. The
ring is shown at times between breaths. The (dimensionless) times are (a) t = 850 (after the third
breath), (b) t = 1110 (after the fourth breath) and (c) t = 1220 (before fifth breath). Note the
apparently subharmonic distortion which starts growing.
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Figure 7. (Color online). As in Fig. 1, but planar rather than helical Kelvin waves, with A/R0 =
0.233 and m = 8; the (dimensionless) times are (a) t = 616, (b) t = 633, (c) t = 650, (d) t = 665,
and (e) t = 682.
perturbations.
Fig. 1 shows three views of the time evolution of a vortex ring of radius R0 = 25 disturbed
by helical Kelvin waves of wavenumber m = 6 and relative amplitude A/R0 = 0.149. It
is apparent that the Kelvin waves remain approximately helical during the evolution. The
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Figure 8. (Color online) As in Fig. 2 but planar rather than helical Kelvin waves, for m = 2(),
4(∗), 6(×), 8(+).
waves reduce the translational speed V of the vortex ring to V/V0 = 0.735, where V0 = 0.0857
is the speed of the unperturbed circular vortex (which we find in agreement with the theory
of Roberts and Grant [16]). Fig. 2 shows the relative speed V/V0 as a function of relative
amplitude A/R0 for increasing wavenumber m. The trend is clear: the higher m at fixed
A/R0, or the higher A/R0 at fixed m, the slower the vortex ring travels. Fig. 2 also shows
that, remarkably, provided that m and A are large enough, the ring stops (V/V0 = 0), or
even travels backwards (V/V0 < 0).
Fig. 3 shows that during a cycle, the evolution of larger-amplitude Kelvin waves is strongly
non-harmonic, and the vortex filament “breathes”, almost twisting back. Associated with
this motion is an oscillation of the total length L of the vortex filament, which becomes
pronounced at increasing A/R0, as shown in Fig. 4. It is apparent that, the larger the
amplitude, the slower the breathing.
A circular vortex ring is a steady solution of the GPE in the frame moving with velocity V0;
a perturbed vortex ring is a time-dependent structure which radiates sound waves and loses
kinetic energy[17], so it does not travel forever. Still, if the amplitude of the Kelvin waves
and the wavenumber are small, the perturbed ring is structurally robust enough to travel
a distance which is much larger than its size. For example (by performing the calculation
in a moving frame) we verify that for m = 2 and A/R0 = 0.136, 0.212 and 0.242 the ring
travels a distance z such that z/R0 = 9.59, 8.87 and 6.41 without any sign of break up. The
stability of the ring seems to be associated with the breathing motion. At small enough m,
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the ring maintains its original shape over a significant distance, which is at least of the order
A/R0 even at large A/R0. For m = 4, at A/R0 = 0.396 and A/R0 = 0.464 the distance
travelled is z ≈ 23 and 11 respectively; for m = 6, at A/R0 = 0.276 and A/R0 = 0.384 it is
z ≈ 23 and 6 respectively. At higher m, the ring will travel far only if the amplitude of the
perturbation is small enough. At larger amplitudes, after two or three breaths, an instability
arises. Either the perturbed vortex ring undergoes reconnections, as shown in Fig. 5, or, at
smaller m and A/R0, the instability appears as a deformation of the Kelvin waves, as shown
in Fig. 6: the original helical structure and symmetry are lost, but the vortex may still travel
a relatively large distance before reconnecting with itself. For this reason, simply reporting
the time of the first reconnection or the distance travelled would be an ambiguous measure
of the stability of the perturbed ring. The general trend is that the distance travelled over
which the perturbed vortex ring maintains its initial shape decreases with increasing A/R0.
The time over which the perturbed rings maintains its shape increases with A/R0, as the
duration of each breath increases A, and, for the less stable rings in the explored parameter
range, the number of breaths is approximately two or three.
If the Kelvin waves are planar rather than helical (see Fig. 7), the slow-down effect is
much less, as shown in Fig. 8. A qualitative explanation is that a wiggly vortex induces
a smaller velocity than an unperturbed vortex, as contributions from different parts of the
vortex cancel out. If the perturbation is planar rather than helical, cancellations of the z
velocity component occur only during the part of the cycle in which the vortex appears
perturbed when projected in the x, y plane (see Fig. 7), leaving the z velocity component
mostly unchanged.
The possibility that a distorted vortex ring slows down was first raised theoretically by
Kiknadze and Mamaladze [18] using the Local Induction Approximation (LIA). Unfortu-
nately the LIA is questionable: it neglects the interaction between parts of the same vortex
and fails to predict the motion of simple vortex shapes, such as trefoils [19]. Barenghi et
al.[20] obtained the slow-down effect using the full Biot-Savart (BS) law, which (unlike LIA)
correctly describes classical Euler dynamics. Unfortunately neither the LIA nor the BS
law account for vortex reconnections, which are forbidden in classical fluids by the helicity
conservation theorem [22], but play an important role in superfluids [21]. In the superfluid
context, reconnections are modelled within the LIA or BS approach by an arbitrary algo-
rithmic procedure which depends on the spatial discretization along the vortex [23]. In our
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problem, this procedure cannot unambiguosly determine if two parts of the distorted ring,
which at large A or m come close to each other, should reconnect (thus breaking up the
ring) or not. The only way to find the solution is to use the GPE, which accounts for vortex
interactions and reconnections in a self-consistent way. This is what we have done.
In conclusion, the slow-down effect is real and worth investigating experimentally. The
next natural step will be to determine how the inhomogeneity of the background density
and the presence of a boundary in an actual condensate[24] affect the Kelvin waves.
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